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Abstract: in this paper, first a space of fuzzy numbers is constructed and a scalar product is introduced.
The derivative of fuzzy function in this space is defined. Further, Poisson’s equation with first boundary
condition for fuzzy functions is considered. It is shown that if problems data (right hand site and
boundary function) are fuzzy then solution of this problem also is fuzzy function.

Annomayun: 6 Odannou cmamve 6Hauane ObLIO NOCMPOEHO NPOCMPAHCIBO HEYEMKUX yucenl u
npeocmaesneHo CKaiapHoe npoussedeHue. bvina onpedenena npou3eoonas QyHKyuu NPUHAOIEHCHOCTIU
HeuemKkoeo MHodcecmea 6 OaHHoM npocmpauncmee. Janee paccmampugaemcs ypaenerue Ilyaccona ¢
SPAHUMHBIMU  YCIOBUAMU NEP8O2O pood O (QYHKYULl NPUHAONEHCHOCMU HEeYemKo20 MHONICECMEd.
Iokaszano, umo eciu Oanuvie 3a0a4u (Mpagas 4acmv U SPAHUYHAS DYHKYUS) cOOepacUm Heuemkue
yucna, mo u pewierue Mot 3a0ayu — Mo QYHKYUusi RPUHAOIEHCHOCTU HEYeMKO20 MHONMCeCmEd.
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1. Introduction

The complexity of the world makes the events we face uncertain in furious forms. Besides,
randomness, fuzziness and is important uncertainty, which plays an essential role in the real world. Fuzzy
set theory has been developed very fast since it was introduced by scientist on cybernetics Zadeh [1] in
1965. A fuzzy set characterized with its membership function by Zadeh. For the purpose of measuring
fuzzy events, Zadeh [2] presented the concept of possibility measure and the term of fuzzy variable in
1978.

To investigate fuzzy differential equations at first one has to introduce the definition of the
derivative of fuzzy function. This definition must allow one to investigate ordinary and partial differential
equation.

The concept of fuzzy derivative was first introduced by Chang and Zadeh [3], and it was
followed up by Dubois and Prade [4], who used the extension principle in their approach.

Other methods have been discussed by Puri and Ralescu [5]. A thorough theoretical research of
fuzzy Cauchy problems was given by Kaleva [6], Seikkala [7]. Fuzzy partial differential equations were
formulated by Buckley [8], and T. Allahviranloo [9] used a numerical method to solve the (FPDE).

In the present work, introducing the space of fuzzy numbers, the derivative of the fuzzy function
is determined. Using this approach, the method is proposed to investigate fuzzy partial differential
equations.

2. The space of the pairs of fuzzy numbers

A fuzzy set A'is characterized by a generalized characteristic function ,uA(.), called

membership function, defined on a universe X , which assumes values in [0,1] .Forany & € [0,1]
denote by

A ={xe X :pu,(x)>a}

the & -cutof A. Let yA(.) is an upper semicontinuous function and

sup p(A) ={x € X : u1,(x) > a}

is bounded set of X . A fuzzy set is a fuzzy number if X < R and forany & €[0,1] , the

o -cut A% is convex and the height of A, that is, SUP ££5(X) has to be equal to one. This fuzzy

xeX



number usually is called convex normal fuzzy number.
Let's define by F the class of convex normal fuzzy numbers. Then for any @ € F the set of

a -cut of fuzzy number & the interval 8% =[L, (@), R, ()], & €[0,1], is defined ([7]). Let
aeF, beF ad @ =[L,(a),R,(2)], b* =[L (),R,(@)]. Then @ -cut of
fuzzy number a+b and ka k>0 , define as
a® +b” =[L (@) + (o) Ri(@) + Ry (@)] and  ka* =[KL, () kR, ()],

respectively.
Note that F is not a linear space (the operation of subtraction is not defined in F ).

We consider the set of pairs (a, b) € FxF and define the operation of addition,
multiplication and equivalency as

(a,a,)+(b,b,)=(a, +b,a, +b,)

k-(a,b) =(ka kb),k >0,

(-1 -(a,b) =(b,a), @

(a,38,)=(b,b,) = a +b,=a,+b

As zero element of this space is taken the pair (0,0), i.e. the set of elements
(a,a),aceF. From last relation (1) we get (a,a)=(0,0). For any
x=(a,b),—x=0,a). 1t is cear that X+(—X)=(a,b)+(b,a)=
=(a+b,a+b)=(0,0).

The set of all pairs (a, b) € F x F forms a structure of a linear space. Let

x=(a,a,)eFxF, y=(0,b)eFxF.
Then

&' =[L, (@), R, ()], b =[L;, (2), R, (@)].« €[0,1]

Forany X,Y € F x F define the scalar product as
1L
xoy =2 ]I, (@) - L, (@)L, (@) - L, (@) +
0

+(R,, (@) - R, (2))(R, (@) — R, (a))ldx
It may be shown that this definition satisfies all requirements of the scalar product. We denote
this space by LF . Norm in this space is defined as

4 =2 1L, (@)~ L, @) +(R, (@) - R, (@)*1da

@)

We define distance between two fuzzy numbers @ € Fand b € F as
p(a,b)=|x—y]| (@)
where X = (a,O), y= (b,O) .
3. Derivative of the fuzzy function
Now, let’s consider fuzzy function f (t) € F foreacht € [to , tl]and define a derivative of
the function T (t).
Forany @ €[0,1],
f, () =[L, () (@), R; (t) (2)], a €[0,1] Q)



is called & -cut of the function T (t).
Definition. Let there exists such @(t) e F, w(t) e F | te [to,tl], that
. (f(t+AL0)—(f(),0)
lim ) ~ (W ). ©
Then the pair (@(t),w(t)) € F x F is called a derivative of the function T (t) at the

pointt € [to ) tl] This definition may be written in the following form

_(f, (t+At,0)—(f,(1),0)
lim - = (P, ).y, ), )
where (@, (1), (t)) are o -cut for the functions @(t) , (1) .
It is shown that, if Lf ® (06), Rf ) (a) is continuous differentiable relatively{, then
f(t)is
differentiable. Each function T (t) may be considered as an element (T (t),0) from
F x F . Then
(f,(0) = £,(1))" = £,/ = £, (). (®)
Now, let T (t) be a pair of fuzzy functions, i.e.
f(t) = (1.(0), (1)), Vt e (t,,1,).
From relation
f(t) = (£.(1),0) + (0, f,(t)) = (f,(t),0) - (,(1),0)
we see, that the derivative of the function T (t) also is a pair from FxF.
For any 7 =n(t) € FxF, which 7'(t) e FxF  consider the scalar product
f '(t) o 77(t) defined by the formula (2). It can be shown that

[t'@en@)dr=1(2)on@)] - [ F()en'(D)dr VLT € (t,,1,).
©)

One may show that this derivative satisfies the "necessary natural” conditions.
Example 1. Let f (t) be fuzzy function whose & -cut is defined as follows:

f (t)= [t* —(@—a)t,t* + (1 — )t], t = O.Theniit s not difficult to show that

f, () =(p,1),w,1),

where

p,)=[2t-(1-a),2t+(1-)], v, (t)=0.
Example 2. Let

fa(t):[tz—l_Ta, t2+1_T“], t>0.
In this case

l-a l-a
@,t)=0, v, (t)=[2t- e , 2t+ ].

t2
Analogically we can define partial differential on Y1, Yo,y ¥,

Example 3. Let a ek, a, € Fpe fuzzy number and

2 2
u(y, ¥,) =Ysa, +Y,a,, Y, €R be fuzzy function. It is no difficult to show that, for



y, >0,i=12,

ou

— =(2y;3,,0).
Y,

In obverse

ou
—=(0.2y;|a,0).
oy, ~ O
Also it is clear that

o%u

—-2 = (2ai ,0)

4. Fuzzy elliptic equation

Let D e R"be a given bounded domain with smooth boundary S and fuzzy function
U=uU(y) € FxF depends on the parameter Y=(Y,YorY,)ED | e

u=u(y), yeD. well write Ue€ C(D), if the function HU(Y)H continues on Yin D .

1
Analogically we can define UeC (D) .
Consider the boundary problem

Au=-1(y), yeD, (10)
u)=9($), Ses. (11)
Let f(y)=(f.(y), f,(y)) e FxF,yeD,

9(8) =(9,(6),9,(8)) e F xF, £ D.

In the difference of traditional problems, here solution of the problem (6), (7) is fuzzy function

U =U(y) € F or pair of the fuzzy function u(y) = (u,(y),u,(y)) € F xF. For the of

simplicity, this type functions we’ll call fuzzy function. Equation (10) and boundary condition (11) we
understand as equality pair of the domains.

Theorem 1. Let f, e CY(D)(NC(D)and g; € C(S),i =12.Then there exists
unequal solution U(Y) = (U, (Y),U,(y)) € F xF,y € D of the problem (10), (12).

It is interesting to investigate problem (10), (11), when f(Yy), g(&)are fuzzy functions, e.i.
f(y)eF, g(&) eF,yeD,&eS. There is, that in this case solution of the problem (10), (11) also

is fuzzy function from F .
Theorem 2. Let for anyy e Dand £ e Shbe fuzzy function and

f eCH(D)NC(D), g € C(S). Then there exists unequal fuzzy function U = u(y) € F solution
of the problem (10), (11).
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