GAUSS PROBLEM ABOUT THE NUMBER OF WHOLE DOTS IN THE CIRCLE
Uteulieva K.N., Khairullina Z.A.? (Republic of Kazakhstan)
Email: Uteulieva363@scientifictext.ru

Uteulieva Kamka Nasipkalievna - Candidate of Physical and Mathematical Sciences, Associate Professor;
2Khairullina Zarina Armatovna - Student of Master’s Programme,
DEPARTMENT OF MATHEMATICS AND METHODS OF TEACHING MATHEMATICS, FACULTY OF PHYSICS,
MATHEMATICS AND INFORMATION TECHNOLOGY,
DOSMUKHAMEDOV ATYRAU STATE UNIVERSITY,
ATYRAU, REPUBLIC OF KAZAKHSTAN

Abstract: this article discusses the first problems of the theory of integer points, namely the “Gauss problem on
the number of integer points in a circle” and the “problem of Dirichlet divisors”. Number theory deals with the
study of the properties of integers. Analytical number theory is a part of number theory, in which, along with its
own methods, the analytical apparatus of mathematics is substantially used. Leaving aside minor details, | tried
to expound the main thing that led to the modern state of the theory. Therefore, often not the best results known
so far are given, but all of them are fundamentally no different from the latter. The article is devoted to four
problems of analytic number theory - the problem of integer points in flat domains, the problem of the
distribution of primes in natural numbers and arithmetic progressions, the Goldbach problem and the Waring
problem. We believe that the Cartesian coordinate system of the HOA is defined on the plane. The first problem
finds the values of the first sum, and the second task is the main difficulty of the problems of the theory of integer
points. We consider the Gauss problems on the number of integer points in a circle so that for |A(R)| get the
most accurate upper estimate. The problem of Dirichlet divisors is formulated in a similar way. Consider the
hyperbola and the number of integer points with positive coordinates below it. For a quantity, it is necessary to
obtain the most accurate upper estimate. The formulated problems are special cases of a more general problem
about the number of integer points in a region bounded by a curve.
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MMPOBJIEMA T'AYCCA O YHUCIJIE HEJBIX TOYEK B KPYT'E
Yreyiuena K.H.}, Xaipy/uinHa 3.A.2 (Pecnyb0siuka Ka3zaxcran)

YVmeynuesa Kamxa Hacunkamesna - kanoudam Qusuko-mamemamuueckux HayK, accoyuuposanbiii npogeccop;
2Xaﬁpyﬂ]luﬂa 3apuna Apmamosna - mazcucmp,
Kageopa mamemamury u MemoouKy npenooo8anus MamemMamuxu, axkyivmem QuU3UKY, Mamemamuxu U UHGOPMAYUOHHBIX
mexHon02ull,
Amvipayckuil eocyoapcmeennvlil yHusepcumem um. X. locmyxamedosa,
2. Amvipay, Pecnybauxa Kazaxcman

AnHOmayus: 6 >moil cmamve paccMampusaromcs nepevie 3a0auu meopu Yevlx Mmouex, UMEeHHO «npobiema
Taycca o uucne yenvix moyex 6 Kpyee» u «npobrema Oerumenei Jupuxiey». Teopus uucen 3aHumaemcs
UBYHEHUEM CBOUCME YebIX Yucel. AHAIUmMu4eckas meopus Yyucel - Yacms meopuu yucei, 6 KOmopou Hapsioy ¢
COOCMBEHHBIMU MEMOOAMU CYUWECMBEEHHO UCNOIb3YemCcsl aHanumuyeckutl annapam mamemamuxu. Ocmaensis 8
Cmopone 6mopocmenenuvie 0emaiu, Mbl CIMAPAIUCh, U3NONCUMb MO 2NA6HOE, YMO NPUBELO K COBPEMEHHOMY
cocmosinuio meopuu. Ilosmomy wacmo Oanvl He ayuuiue U3geCmMHble K HACMOSUWEMY BPEMEHU Pe3Vibmanivl,
O00HAKO 6Ce OHU NPUHYUNUATILHO He Omauyaromcst om nocieonux. Cmamvsi nOCsswena emvlpem npooiemam
AHATUMUYECKOU meopuy yucen — npodieme yYeublx moyex 6 WIOCKUX 001acmsx, npobreme pacnpeoeieHus
NPOCMBIX YUCel 8 HAMYPATbHOM pside U apugpmemuyeckux npoepeccusix, npooreme lonvobaxa u npobneme
Bapunea. Cuumaem, umo na nnockocmu 3adana Odexapmosa cucmema xoopounam XOV. Ilepeas 3adaua
HAX00Um 3HAYeHUsl Nepeoll CYMMbL U 8MOpas 3a0aud COCMAGIAeM OCHOGHYIO MPYOHOCHb Npobiem meopuu
yenvix mouex. Mol paccmompum npobnemut Iaycca o uucine yenvix mouek 8 kpyee, 4wmoowt ons genuuunst |A(R)|
HOYUUMb 803MOJICHO 60Jee MOUHYIO OYEHKY c8epXy. Ananocuuno Gopmynupyemcs npobiema Oerumenei
Jlupuxne. Paccmompum 2unepboiy u 4ucio yenvix modex ¢ NOJONCUMETbHbIMU KoopouHamamu noo Heil. [
BEUYUHBL MPeOYemcst NOIYYUMb 803MONCHO 0Ooee mMounylo oyeHky ceepxy. Chopmynuposannvie npobremvl
SAGNSIOMCSL YACMHBIMU CAyHasMu Oofiee odujell npobiemvl 0 HUCIE YENbiX MO4eK 8 00NACmU, 0SPAHUYEHHOT
KpUBOIl.

Knrouessle cnosa: yenvle mouku, npooiema I'aycca, denumens Jlepuxie, oexapmosa cucmema.

IMocTanoBKa 3a1a4H, BCIOMOraTeJIbHbI€ YTBEP KIEHHUS H MPOcTeiilne pe3yabTaThl.
Omnpenenenue. Touxka M ¢ koopounamamu (X,y) Ha3vleaemcs Yenou, ecau X u 'y — yeavle Yucid.



PaccmotpuM kpyr x2 + y? = R m o6o3HaumM uepe3 K(R) 4mcio HemsIX TodeK B 3ToM kpyre. Ilpu
Gompmux R Benmunua K(R) Giuska k miomamy kpyra ©t R. O6o3uaunm depe3 A(R) pasunocts Mexay K(R) u
nR,A(R) = K(R)—=R.

IpoGiema Iaycca 0 4ynce UETBIX TOYEK B KPYre COCTOMT B TOM, 4TOOI s Beauduubl |A(R)| mony4uuts
BO3MOHO 00Jiee TOYHYIO OIIEHKY CBepXy OpH R — +o.

Ananornudo Gopmyaupyercs npobiema aenureneit upuxie. Paccmorpum rumnep6oiy xy= R u uncio L(R)
TETTBIX TOYEK C TIOJIOKUTENbHBIME KoopauHaramu o veit. [Tycts A;(R) = L(R) — R(InR + 2y — 1),R — +x,
rae y- nocrosiuHas Jitnepa. Just Bemwunsbl [A; (R)| TpeGyercs monyduts BO3MOKHO 0OJIEe TOUHYIO OIEHKY
CBEpXY.

W3 ompenenennst  L(R) u pyukumu T(n)- 4nciia AETUTENEH - CIIEIyeT paBeHCTBO

L(R) = Y 1<g T(n), KO0TOpOE OOBSCHSIET HA3BAHKE IPOOIEMBIL.

CdopmymupoBaHHEIE TPOOIEMBI SBISIOTCS YaCTHBIMHU CIy9assMy OoJiee oOIIeil mpoOIeMbl O YUCIe TENTbIX
TOUEK B 00JacTH, OrpaHu4eHHOM kpuBod Yy = f(x), rme f(Xx)— HempepbiBHAs HEOTPHIATENbHAS HA OTPE3KE
[a,b] dyHkiws, u npsMeIME X = @, X = b,

y = 0, mpuuem cumrarorcess Touku M = (x,y) ¢ ycnoBuem a <x <b, 0 <y < f(x). O6o3nauum 310
yucno oykBou 7. Tornma

T = Za<xsb[f(x)] = Za<xsb f(x) - Za<xsb{f(x)}- (1)

Tem caMbIM BO3HHKAIOT JBE 337aui: 1) HaXOXJCHHE 3HAUYCHHUS MEPBOM CYMMBbI; 2) HaXOKACHUE BO3MOXKHO
Oosiee TOYHBIX ACHMITOTHYECCKHX (OPMYN JUisi BTOPOi CyMMBbl. PemieHue mepBoil 3agaud Mmpu JOCTATOYHO
OOIIUX MPEIONIOKEHUSIX OTHOCUTENbHO  f(X) maercs Teopemoil 1. BTopast 3amaua cocCTaBisieT OCHOBHYIO
TPYAHOCTB MPOOJIEM TEOPHH LIEITBIX TOUCK.

Teopema 1 (dopmyna Diinepa-Maxmopena). ITycmo f(x) 0sascovt nenpepuleno ouggpepenyupyema na

ompeske [a, b] u ¢ynxyuu p(x),0(x) onpedensromes pasencmeamu
X

p() = 5~ (), 0(x) = f p () da
Tozoa
Sucren ) = 7 f)dx + p(bYf(b) — p(@)f (@) + o(@)f (@) — s(BYF (B) + [ o) f" ().

HNokaszaTeabcTB 0. byrem mpeanonarars, 9T0 Ha nHTEpBaie (@,0) ISKUT MO KpaiiHe Mepe O/IHA T1east

TouKa. Pa3buBast MpoMeXyTOK HHTETPHPOBAHMS [IETBIMI TOYKAMH HA HOBBIE, TIOTy4aeM PaBEHCTBO
[p]-1

b [a]l+1 n+1 b
f o) f" (x)dx = f o()f" (x)dx + f a()f" (x)dx + f o(x)f" (x)dx.
a a n=[al+1" " [b]

Ha xaxnoM u3 NONYYMBIIMXCS HMHTEPBAIOB WHTErpupoBanus ¢Gyukiuud p(x),o(x)- HempepbiBHO
mubdepenuupyemsie, npudem o’ (x) = p(x). [losTomy, HHTErpUpYsI ABAKIBI [0 YACTIM, HalieM

al+1 1 [a]+1
[ o @i = o@r@ +5£0al+ D+ p@f@- [ e
[ owr max=gra+n+grm- [ reax
b 1 b
| st cadx = oy ) - oI @)+ 3£ WD - | Fdx
[b] [p]

INocrapmnsist 5TH HOPMYITEI B IPEABIAYIIEE COOTHOLICHHE, OIYYUM YTBEP)KACHUE TCOPEMBI.
3ameuanue. Yacto npuMensercs 6osee mpocrtas GopMyina CyMMHPOBAHUSA:

Sacras F) = [ FOdx + p(0f(B) — p(@)f (@) - [Lp(Of dx.  (2)
3neck yxke mocratodna, yroosl f(x) Gbuia HenpepriBHO auddepeHipyema Ha [a, b].
[epeiinem k mpobnemam ["aycca u upuxie.
Teopema 2 (Taycc). Tnsa K (R) cnpasednusa cnedyowas acumnmomudeckas Gopmyna:

K(R) =R + A(R),A(R) = O(VR).
HoxazarenbecTBo. PaccMOTpUM KPUBOJIMHENHYIO TPaIlELUIO

R
0<x§/;, 0<y<VvR-—x?
Bech xpyr K: x2 4+ y% < R, COCTOMT U3 BOCBMH OOJIACTEH, PABHBIX 3TOH Tpamelyu. Y UHThIBas TIEPECEIEHHUS

. . ,R
9TUX 001acTelf Mo KBazpaTaM CO CTOPOHOH 2 ¥ IpUMEHssA tdhopmyny 1, HaxoauM



K(R)=1+4[VR]+8 Z [VR==x2|-4[JR72] =8 Z [VR = x2| - 2R + 4V2R {{/R/2}

0<st§ 0<XSJ§
+4VR-8 z [VR==x2]+0q1).

R
0<xSJ;

R
BbIYnciIuM OPENocIenHIOn CyMMY, IOJb3ysACh TeopeMou 1: Y, \/ﬁ[\/R — x2| = fo‘/;\/R —u?du +
0<xs 2

R

Tak kak |o(u)| < 1/8 u mepBblif HHTErpa paBeH ILIOIIAAN PACCMATPUBACMON KPHBOIMHEHHOM Tparenun

”8—R+R/4, TO
R R R R\ (R R
Z JR —xZ—" R _RIVRL_YR oy,
4 2\/_ 2 2 2
0<x<J;
OTcroza HaXO UM

K(R) =R + A(R),

rae
A(R) = 2v/2R -8 zo \/E{\/R —x?} +0(1) = 0(VR), A3),

4TO U TpeOOBaIOCh JOKAa3aTh.
Teopema 3 (Hupuxie). ns L(R) cnpasednusa credyrouas acumnmomuyeckas (hopmyna:

L(R) = R(InR + 2y — 1) + A;(R), A(R) = 0(\/?), 20e y - nocmosinnas Diinepa.
JoxkazarenbcTBo. PaccMoTpuM KpuBoNHHEHHYO Tpanenuioo 1 < x < VR,0 < y < g.
O0nacte L cocTouT M3 IBYX 00JIacTel, paBHBIX 3TOW Tparenuy.

[pumenss popmyny 1, naiinem L(R) =2 X, .z [g] — ([RD?=2R lexs\ﬁi -2

Z {g} — R+ 2VR{VR} + 0(1).

1<x=<+vR

VR du 1 1 1 VR du

U3 teopembr 1 cne)lyeT 21<X<\Fx = f — ( — {\/E})ﬁ -5t 0(\/1?); —o(1)+2 fl a(u); =
1
1r1\/i€-+ (E —‘{\/ii}) VE _-E + 2 J; (T(lt);:; +0 ( )

Ilo onpeaenenuio mocTossHHOM Ditniepa,

l Z !y

y _-YLELJ n n !
1sns<Y " a

MIPUMEHSI K CyMME B CKOOKax Teopemy |, Halimem y = — % +2 f ) a(u)u—g.

Tem cambiM 15t Benmuusl L(R) monydaem gopmyiry

L(R)=RInR + 2@(% - {x/ﬁ}) +@2y-1DR
-2 Z {g} + 2VR{VR} + 0(1) = R(InR + 2y — 1) + A, (R),

1<x<+VR
rIe.

A (R) =VR -2 21<x<f{ } +0(1) = 0(VR), @)
YTO U TPeOOBAIOCH TOKA3aTh.
3ameuanne. Ecnu mpoGusie momu ¢ydkmuit f(x) =VR —x2 mpu 0 < x < \/R_/Z u f(x)=R/x upn
0 < x < VR pacrpe/ieneHbl «PaBHOMEPHO», T.€. KOIMYECTBO APOOHBIX nojeil  f(X), Mmomajaomux Ha 1o6oit

unrerpain (a,b), To
Z\/ﬁ{ R—xz} =%\/§+ o(\/ﬁ),



R 1
z {;} = E\/E + O(\/E),
0<xsyR
(mst sToro nmocrarouno [0,1] pa3buTh Ha «Maibie» paBHBIE MHTEPBAIBI), M B TEOpeMax 2 M 3 MOIy4aercs
YTOYHCHUC

AR)=0o(VR),  A,(R) = o(VR)
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